CORIBBON HOPF (FACE) ALGEBRAS GENERATED BY 
LATTICE MODELS 
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Abstract. By studying "points of the underlying quantum groups" of coquasi- 
triangular Hopf (face) algebras, we construct ribbon categories for each lattice 
models without spectral parameter of both vertex and face type. Also, we give 
a classification of the braiding and the ribbon structure on quantized classical 
groups and modular tensor categories closely related to quantum SU{N)£^- 
invariants of 3-manifolds. 



1. INTRODUCTION 

It is widely accepted that (co-)quasitriangular Hopf algebra is a good algebraic 
notion which expresses "quantum groups." For, example, each lattice model w of 
vertex type (and of face type) without spectral parameter naturally generates a 
coquasitriangular (CQT) Hopf (face) algebra, thanks to the FRT construction and 
the Hopf closure (or Hopf envelope) construction. The former construction assigns 
w to the CQT bialgebra (or face algebra) 2l(w) (cf. ||, |3ll, §), while the 

latter construction assigns some CQT bialgebra (or face algebra) Sj to the CQT Hopf 
(face) algebra llc{S)) (@, 0)- However, to give apphcations of CQT Hopf (face) 
algebras to low-dimensional topology, we need one additional structure on these, 
which is called the ribbon functional on 9j, a dual notion of the ribbon element. It 
is known that there exists a Drinfeld's double of a finite-dimensional Hopf algebra, 
which has no ribbon element (cf. ||2^ Proposition 7). Also, it is known that the 
ribbon functional of a CQT Hopf algebra is not necessarily unique even if it exists. 
Hence it is natural to investigate sufficient conditions for the existence of the ribbon 
functional on CQT Hopf (face) algebras, and to develop the classification theory of 
the ribbon functionals. 

One of the purpose of this paper is to prove the existence of the ribbon functionals 



on CQT Hopf face algebras of the form Hc(2l(w)) (cf. Theorem 6.5). This result 
implies that each w produces a ribbon category, and therefore, it implies that w 
generates a family of link invariants. We note that when w = R is a. vertex model, 
this family contains the link invariant constructed by Reshetikhin [29[ | (see Remark 
at the end of Section 6). As byproducts, we also obtain several useful results on the 
ribbon functionals on CQT Hopf face algebras. 

The other purpose of this paper is to give the classification of the braidings and 
the ribbon functionals on the function algebras Fun(Gq) of the quantized classical 
groups Gq = GLq{N), SLq{N), SOq{N), Oq{N) and Spq{N), and also, on some 
Hopf face algebras 6(An^i; t)^ which are closely related to the S'[/(iV)L-topological 
quantum field theories. The braiding of these Hopf (face) algebras is not unique. 
However, the non-uniqueness is explained using certain gradings of these algebras 
via cyclic groups F. The ribbon functionals of these algebras always exist and the 
number of those is at most two. We note that the proof of the former is very similar 
to that of the classification of the braidings of Fun(Matq(N)) due to Takcuchi 
while the proof of the latter essentially depends on our general theory for Hc(2t(w)). 



Date: Department of Mathematics, Furo-cho, Chikusa-ku, Nagoya 464, Japan. 

1 



2 



TAKAHIRO HAYASHI 



The paper is organized as follows. In Section 2, we recall basic concepts of the 
face algebra. The notion of the face algebra generalizes that of the bialgebra, and is 
necessary to study lattice models of face type and the corresponding link invariants 
in the framework of the quantum group theory. In Section 3, we recall the relation 
between lattice models and face algebras. In Section 4, we recall the Hopf closure 
construction which is the the main tool of this paper. In Section 5, we give a study 
of group-like elements of the dual algebras and Ilc{Sj)° . It plays a crucial 

role for our study of the ribbon functionals. In Section 6, we give several results on 
the ribbon functionals of Hc(i3) and its quotients. In Section 7 and Section 8, we 
give the results for quantized classical groups and the algebras &{AN^i;t)f^ stated 
above. 

The author is grateful to Dr. S. Suzuki for his useful informations. 



Notation. Throughout this paper, we use Sweedler's sigma notation for coalgebras 
C and their right comodules U, such as (A (g) id)(A(a)) — J2(a.) ^(i) ^ ^(2) ^ ^{3) (cf- 
p6t). Also, we denote by pu the coaction U — > U ®C; u ^(u) "(o) and by 

TTjy the left action of C* on U given by 'ku{X)u = X](ti) "(o)^(w(i)) {u ^U,X ^ C*). 
For a linear operator ^ on a vector space W with basis {p}, we define its matrix 
[AP]pq by Aq^EpPAP. 

2. FACE ALGEBRAS 

Let i] be an algebra over a field IK equipped with a coalgebra structure (ij, A, e). 
Let V be a finite nonempty set and let e^j.i = Ci and e^, , = (i V) be elements of 
^. We say that (i3, {e;, e^}) is a V-face algebra if the following relations are satisfied: 

A{ab) = A(a)A(fe), (2.1) 

GiGj — SijGi^ ^i^j — ^ij^ii GiGj — GjCi^ (2.2) 

Eefc = l = E^'=' (2.3) 
feGV fcev 

A(eiej) = ^ e^efc (g) Cfce^, £(6^6^) = (5y , (2.4) 
kev 

e{ab) = E e{aek)e{ekb) (2.5) 
feev 

for each a, 6 e and i, j G V. We call elements and face idempotents of Sj. We 
denote by £ = Cf, the subalgebra of Sj generated by face idempotents. It is known 
that bialgebra is an equivalent notion of V-face algebra with #(V) = . For a V-face 
algebra, we have the following formulas: 

e{eia) = e{eia), £{aei) = e(aei), (2.6) 
^a(i)£(eia(2)ej) = eiOCj, (2.7) 

(a) 

^(r(eja(i)ej)a(2) = BiaCj, (2.8) 

(a) 



A(a) = E Eefea(i)e/ «) 6^.0(2)6;, 

fc.iGV (a) 



(2.9) 
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eia(i)ej ® a(2) = ^ a(i) ® ha(2)ej, (2-10) 

(a) (a) 

A{eiejaei,ej') =^6^0(1)6^/ 6^0(2)6^' (2-11) 

(a) 

for each a G and G V. 

For a V-face algebra ^, its dual face algebra 9j° is defined to be the dual 
coalgebra of 9^ equipped with product and face idempotents given by {XY, a) — 
j:(a){X, Hi))(Y, a(2)) ei3°,aei3) and 

(efjo^i, a) = e(aej5,i), (ejjo^j, a) = e(ef,4a) (aGSj^ieV). (2.12) 

Let x~^, , e+ and be elements of an arbitrary algebra A. We say that x~ 
is an {e'^ , e~)- generalized inverse of x~^ if the following four relations are satisfied: 

x^x^^e^, x^x^x^^x^. (2.13) 

We note that the (e''", e~)-generalized inverse of x^ is unique if it exists. 

We say that a linear map 5 : io is an antipode of ^3, or ^3 is a Hopf V- 

face algebra if S is the (i?"*" , )-generalized inverse of idj^ with respect to the 
convolution product of EndK(i3), where 

E+{a) :^Y.'^(''^k)ek, -B"(a) = ^£(efea)efe (a e Sj). (2.14) 

feev feev 

An antipode of a V-face algebra is an antialgebra-anticoalgebra map, which satisfies 

S{hej)^eje, (z, j G V). (2.15) 

Let ^3 be a V-face algebra and let TZ'^ = TZ^ be an element of [S^ ® ^)* with 
(to*(1), (TO°P)*(l))-generalized inverse Tl~ = 7?,^, where m: ^ 9) denotes the 

product of S). We say that TV' is a braiding of or (io,?^^) is a coquasitriangular 
(or CQT) V-face algebra if the following relations are satisfied: 

TZ+m*{X)n- = (m°P)*(X) {X e Sj*), (2.16) 

(m®id)*(7^+) = 7^J*37^J3, (id®m)*(7^+) = 7^J*37^J*2. (2.17) 

Here for Z e (mS))* and {i, j, k} ^ {1, 2, 3}, we define e (jo®^)* by Zij{ai, a2, as) = 
Z{ai, aj)s{ak) (01,02,03 G i^). The braiding 7?.^ satisfies the following relations: 

^12^13^23 ~ ^23^13^12' (2.18) 

72,^ 72,^ 7?^ =7?^ 72,='= 7?^ 7?^ 7?^ 7?^ =7?^ 72,^ 72,^ 

(2.19) 

7?.+ (ejejOefee;, 6) = 7?.+ (a, ejeibeiek), (2.20) 

TZ~{eiejaekei, b) = TZ~ {a, heibeiej), (2.21) 

TZ'^{e^ej, a) = eiejae^), TZ^{a, hej) = £(6^06^-), (2.22) 

TZ^ie^ej, a) = e{eiaej), TZ" {a, eiCj) — s{ejaei) (2.23) 
for each a,b ^ Sj and i, j, k,l ^V. If io is a Hopf V-face algebra, then we have: 

(S'(g)id)*(7^+) = TZ-, (id®S')*(7^-) = 7^+. (2.24) 
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Proposition 2.1. Let {Sj,TZ^) be a CQT V-face algebra. 

(1) Then, 71-21 '■ cl'Si b t-^ TZ~ (6, a) gives another braiding of Sj. 

(2) LetT be a semigroup and Sj — ®^gp-Q7 a decomposition of 9) such that Sj.ySjs C 
S).yS and that A(i3^) C S).y. Let T x F ^ be a map such that x(7i72)'^) 
= x{'1ii5)x{12t5), x(7)^i^2) = x(7) '^i)x(7) ^2)- Then, there exists a new braiding 
TZ^ of Sj given by 

n^{a,b)^xh,S)^'n^ia,b) (a e Sj^,b e 9)s). (2.25) 

7/(^3,7?.^) is closable, then so is {Sj,TZ^). 

Proof. This is straightforward. □ 

Let (^,7?.^) be a CQT Hopf V-face algebra and V an invertible central element of 
Sj*. We say that V is a ribbon functional of Sj, or {Sj,V) is a coribbon Hopf V-face 
algebra if 

TO*(V) = 7^-7^^l(V (g) V), (2.26) 

S*{V) = V. (2.27) 

A map f : ^ R between V-face algebras is called a map of V-face algebras if 
it is both an algebra and a coalgebra map such that /(cj) = e^, /(e^) = ej for each 
i gV. If both Sj and have antipode, then we have 

f{S{a))=S{f{a)) {aeSj). (2.28) 

A map / : — > .ft of V-face algebras between CQT V-face algebras is called a 
map of CQT V-face algebras if 

(/®/r(7^J) = 7^+. (2.29) 

An ideal J of a V-face algebra 9) is called a biideal if it is a coideal of the underlying 
coalgebra of i^. If in addition, Sj is a CQT V-face algebra and 3 satisfies TZ^ {3, Sj) = 
TZ'^{Sj, 3) = 0, then 3 is called a CQT biideal of Sj. For each V-face algebra (resp. 
CQT V-face algebra) Sj and its biideal (resp. CQT biideal) 3, the quotient S)/3 
becomes a V-face algebra (resp. CQT V-face algebra) in an obvious manner. 

3. LATTICE MODELS AND COMODULES 

Let S be a finite oriented graph with set of vertices V = S°- For an edge p, we 
denote by s(p) and r(p) its source (start) and its range (end) respectively. For each 
m > 1, we denote by = ^g^yS™ the set of paths of S of length m, that is, 
P € Sy" if p is a sequence (pi, . . . ,Pm) of edges of 5 such that s(p) := s(pi) = i, 
t(Pn) = s(p„+i) (1 < n< m) and r(p) := r(pm) = j- Also, we set s(i) = i = r(i), 
S = {} and S| = for each i G V and j ^ i. Let S){3) be the linear span of the 
symbols e(^) (p, q G S™, m > 0). Then ^(S) becomes a V-face algebra by setting 

e (q) e (^^ = (5,(p),(r) (5t(q).(s) ^ (q . g) ' 

for each p, q G and r, s G S" {iti, n > 0). Here for paths p 
r = (ri, . . . ,r„), we set p-r = (pi, . . . ,Pm,ri, ... ,r„) if r(p) = s(r) and m,n > 1, 
and also, we set s(p) • p = p = p • t(p) for each p e S (m > 0). 



(3.1) 

(3.2) 

= <5pq (3.3) 
(Pi, • • • ,Pm) and 
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We say that a quadruple (^r^s^ is a face if p, q, r, s e 9"*" and 

5(p)=s(r), r(p)=s(s), r(r)=5(q), r(q) = r(s). (3.4) 

We say that (S,) is a face model (or V-face model ) over K if w is a map which 
assigns a scalar w rj^s S K to each face (r^s^ of S. A face model (9, ) is called a 



vertex model if #(V) = . For convenience, we set w r^s = unless p, q, r,s G 9 
satisfy (3.4). For a face model (9,), we identify w with the linear operator on 
Kg Speg Kp given by 



w(p,q) 



E 

(r,s)eg2 



P 
r q 

s . 



(r,s) ((p,q)e9). 



(3.5) 



A face model is called invertible if w is invertible as an operator on K9. For an 
invertible face model (9,), we define another face model (9, ), using the identifi- 
cation (3.5). An invertible face model is called star-triangular (or Yang-Baxter) if 
w satisfies the braid relation wiW2Wi — W2W1W2, where wi and W2 denote linear 
operators on IK9 defined by Wi{p, q, r) = w{p, q) ® r and W2{p, q, r) = p® w(q, r). 
Here we identify (p, q, r) e 9 with p (g) q (g) r g (K9)®. 

For a face model (9, ), we define the algebra 21(9, 
^(9) modulo the following relations: 



(c,d)eg2 



cd 

p q. 



(r,s)eg2 



P 

r q 

s . 



ab 
r • s 



2l() to be the quotient of 
((p,q), (a,b)e9"). 



(3.6) 



Then 2t(w) has a unique structure of V-face algebra such that the projection Sj{Q) — > 
2l() is a map of V-face algebras. For each n > 0, K9^ becomes a comodule of 2tn(tTi) 
via p{q) = X)peg\ P'^Kq)' where the subcoalgebra 2tn(fD) of 2l(w) is defined as the 
linear span of the elements of the form efj') (p,q £ 9^). If (9,) is star-triangular, 
then there exist unique bilinear pairings TZ"^ on 2l(u') such that (2l(w),7?.^) is a 
CQT V-face algebra and that 

for each p,q,r,s e 9^ (cf. (|, ||3l|, ||l|l). We call 7^+ the canonical braiding 

of ^{w). For a vertex model w — R, 2t(it;) coincides with FRT bialgebra Aj^, where 
R = PR and P(p, q) = (q, p). 

Let 9 be the orientation-reversed graph of 9 and let ^ : 9 ^ 9 ; p 1-^ p (m > 0) 
be the canonical bijection which satisfies p"^ = q • P, s(p) = r(p) and r(p) — s(p). 
We also define a new graph 9ld by setting 9ld = V and 9ld = 9 U S • Let 9x9 
and 9x9 denote subsets of 9ld consisting of elements of the form p • q and p • q 
(P)q G 9) respectively. We define hnear operators wlDiW^d : IK(gx9) IK(9x9) 

by 



wwiv ■ q) 



WLD 

r.s 



p 




P 




q 


r-q 


r • s ; vifLD 


r - q 




P s 


s 




s 




L r J 



w 



LD 



(p-q) 



r.s 



'LD 



p 






P 




r ^1 1 


r-q 


r • s ; 


Wld 


r-q 


=: w 


P s 


s 




s 




L r J 



(3.8) 



(3.9) 



We say that a star-triangular V-face model (9, ) is closable if both iuld and w^^) 
are invertible. In this case, we define a new V-face model (9ld,ld) by extending 
wld on K9 ' ' ' / - N _i . 



via iuldIks 


= w, 


W-LBl 


K(gxg 




-P J 




q " 




r s 


= W 


s r 




. q . 




. P . 



(p,q,r,s G 9) 



(3.10) 
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We call wi^D the Lyubashenko double oi w. As in case (9, ) is a vertex model, 
(SlDiLd) is a star-triangular face model. 

Let he a V-face algebra and U its (right) comodule. We define its face space 
decomposition U = ®jjgv^(*'.?) U{i,j) = iTij{eiej){U). Let V be another 
io-comodule. We define the truncated tensor product U ®V to be the vector space 

Um = .^U{i,k)®V{k,3) (3.11) 

equipped with the ^-comodule structure given by 

PuSivi^'^v) = ^ (u(o) ®W(o)) ® "(i)t'(i), (3-12) 

(u),(^) 

where": U ig) V ^ UiS>V denotes the projection J^k'^^ui^k) ® Trvi^^k)- For S)- 
comodules U, U', V, V and maps / G End7r(e)(U, U'), g e End7r(g)(V, V), we set 

m=if(E>g)\u^y, (3.13) 

where (£ — €^,0. If both / and g are comodule maps, then so is f^g. The category 
Corrif, of all i^-comodules becomes a monoidal category via and the category 
Com^ of all finite-dimensional i^-comodules becomes its sub monoidal category. 
The category Coniy^ is rigid if and only if ^) has a bijective antipode. 

Next, suppose has a braiding TZ^. Then Com^, and Com^ become braided 
categories via the functorial isomorphism cjjv ■ UiS)V ^ V^U given by 

cuv(u(E)v) ^ ^ t;(o) (g)^i(o)7^+(u(l),^;(l)). (3.14) 

If, in addition, i5 has a ribbon functional V, then Com^ becomes a ribbon category 
(see e.g. ||2l|) via twist 9u : U = U given by 9u — 7ru{V~°°). Conversely, we have 
the following. 

Proposition 3.1 (||, Let 9j be a V-face algebra such that either Com^, or 

Corrij^ is a braided monoidal category with braiding {cjjv}- Then, Sj becomes a 
CQT V-face algebra via 



7^+(a, 6)= ^ {e'S) e) o CLM{ekaei(g) eibck), (3.15) 
kdev 

7^"(5,a)= ^ (£«)£) o (cAfL)"^(efcae, «)ei6efc), (3.16) 

k,l£V 

where L and M denote arbitrary finite- dimensional sub S^-comodules of Sj such that 
CiOCj € L, Cjbci € M (i,j € V). //, in addition, Sj has an antipode and Com^ is a 
ribbon category with twist {Ou}, then Sj becomes a coribbon Hopf V-face algebra via 

V±°=(H) =£(eJ°°(H)). (3.17) 

Proof. To begin with, we note that the existence of su ch L and M follows from the 
fundamental theorem of coalgebras, and that (3.15)-( |3T7 ) do not depend on the 



choice of L and M because of the naturalit y of c and 6. Here, we will give a proof 
of the last assertion. Let e S)* be as in (3.17) and let U he a finite-dimensional 



.ft-comodule. For each u* e U*, we define the ij-comodule map F^* : U — > by 
Fu'{u) = I](ti)('"*:'"(o))^t(i) e U). Then, we have 

{u\ e^\u)) =£ o o 9^\u) = £ o 9f2^p^^^ o F^, (u) (3.18) 
or equivalently, 

9^\u)=TTu{V^nn. (3.19) 
Rewriting {u* , 9u{u)) — {9u'^{u*),u) via this equality, we obtain Siy) — V. 
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Let a and b elements of 9) and let L and M be as above. Since a (g) 6 = < 
efcfc by we have 



7rL®M(V)(H® L) = XI ^(oo) ® L(oo)(V,H(e)L(e)) 

(H),(L) 



(3.20) 



by (12J_1|). Using and the equahty 9 ^L^^ = c^^^^ o c^/-^ o (0^ ^(^0^/), we see 

that the left-hand side of the above equality is 

E cZ4M°^MW(^a)^)V(H(e))V(L(e)) (3.21) 

(a),(b) 

= X 0(1) '»fe(l)7^~(a(2),6(2))7^"(6(3),a(3))V(^(A))V([(A)), 

(a).(6) (3.22) 

where (3.21) follows from the fact that 9l and 9m commute with the action of the 
face idempotents of Taking the image via e (g) e, we get ( 2.26 ). □ 

Let [/ be a finite-dimensional comodule of a CQT V-face algebra ^. For each 
j € V, choose a basis S| ofU{i,j). Let S be the oriented graph with set of vertexes 
V and the set of edges S •= U| S|- Then we obtain a star-triangular V-face model 
(S, u) be setting 



cuu (P q) = '^u 

(r,s)GS 



P 

r q 

s - 



r (g) s. ((p, q) e S). 



(3.23) 



4. DRINFELD FUNCTIONALS AND THE HOPF CLOSURE 

Let (io,7^^) be a CQT V-face algebra. We say that is dosable (or i3 is a 
CCQT V-face algebra) if there exist both ( , )-generalized inverse Q~ of 7?.+ 
and (.F~,.7^+)-generalized inverse 2+ of 7?.^ in the algebra (55 ® ff°'^)*, where 
denote bilinear forms on defined by 

.F+(H, L) = E^niMMliiL)> ^-(H, L) = E^HliiMLlii) H^Le^^)- 

llev llGV (4.1) 

We call Lyuhashenko forms of S). The Lyubashenko forms of a CQT V-face 
algebra are unique if they exist. If has an antipode, then is closable with 
Lyubashenko forms given by 

Q+{a,b)^n-{S{a),b), Q-{a,b)=n+{a,S{b)) {a,beSj). (4.2) 

For a star-triangular face model (S,), 2l(u') is closable if and only if (S,) is 
closable. In this case, Lyubashenko forms of ^{w) satisfy 



^LD 



s 

q p 



, q . 
s r 

P 



(4.3) 

for each p, q, r, s e g-*-. 

For a CCQT V-face algebra Sj, we define linear functionals {v = 1,2) on ^ 
via 

(a) (a) (4.4) 

and call them Drinfeld functionals of i^. The Drinfcld functionals of a CCQT V-face 
algebra are invertible in S)* and satisfy the following relations: 



^r'(«)=E2+(«(2),a(i)), Z^2-i(a) =XQ-(a(i),a(2)), (4.5) 

(a) (a) 
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{u^®u^)n^ = n^{u^®u^), (4.6) 

U^^{eiej) = 5ij, Uf{eiaej)=Uf{eiaej), (4.7) 
UiU2^U2Ui, (4.8) 

m*{u) = n-n^^{u ®u) = {u ®u)n-n2i, (4.9) 
m*{u-'^) = n+^n+{u ^uy^ ^ [u ®u)-^n^{R+ (4.10) 

for each v — 1,2, a ^ and i,j € V, where U stands for Uoo or U^°° . 

Let / : ^ ^ be a map of CQT V-face algebras. If K is closable with 
Lyubashenko forms and Drinfcld functionals Z^i/.f;, then Sj is also closable with 
Lyubashenko forms and Drinfcld functionals given by 

S| = (/®/)*(Qt), U^s^^riU,.^). (4.11) 

Next, we recall the Hopf closure (or Hopf envelope) construction of CQT Hopf 
V-face algebras. It is introduced by Phung Ho Hai jT6| for bialgebras, and inde- 
pendently, by Q for face algebras. Let be a CCQT V-face algebra. We denote 
by Sj^°'^ its biopposite V-face algebra, that is, ^)^°'^ is a V-face algebra equipped 
with the opposite product and the opposite coproduct of Sj together with the face 
idempotents 

e^bop j = Cfj^i, ep,bop j — Cf,^,;. (4-12) 
Let a: ^ ^^°p be the canonical anti-isomorphism, which satisfies 

o-(ef,,i) = e^bop^i, (T(ejja) = Gj^bop^,; (i e V). (4-13) 

Then 

h-=S)(E)e = 9)liti (E) ai^lict) (4.14) 

{,iev 

becomes a V-face algebra by setting 

(a(g)(ecr(6))(c(g)ecr((i)) = ^ '^"(&(i),C(3))Q+(6(3),C(i))ac(2)«i(£cr(d6(2)), 

(6),(c) (4.15) 

A(a(g)ecr(6)) = ^ (a(i)®e«T(&(2))) ® (a(2)«)(£cr(&(i))), (4.16) 

(a), (6) 

£(a(g)ecr(&)) = s{aek)e{bek), (4.17) 
fcev 

i = eij,i(g)(eCT(lf,), j=e^j^i (g)eCT(lf,) (4.18) 

for each a,b,c,d € and i e V, Let 3 be the ideal of ^ generated by all elements 
of the form: 

^(l(g)(£(T(a(i)))(a(2)«)(£l) - ^ e{aek)ek, (4.19) 
(a) fcev 

^a(i)(g)(ecr(a(2)) - ^ e(efca)efc (a € ij)- (4.20) 

(a) fceV 

It is easy to verify that J becomes a biideal. We denote the quotient V-face algebra 
f)/^ by Hc(i3) and call it the Hopf closure of S). For simplicity, we denote an 
element a(Eea{b) -I- 0^ of IIc(^) by aa{b) for each a,b & S). The Hopf closure Hc(ft) 
has a unique structure of CQT Hopf V-face algebra such that the canonical map 
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t: 53 — > Hc(53); a ^ a®^l +5 (a e ^) is a map of CQT V-face algebras. Explicitly, 
the antipode of Hc(jo) is given by 

5(aa(&))=^Zi.(L(^))L(e)^(HR~°°(b)) (^^-oo,G). (4.21) 

(b) 

When i3 is a bialgebra, the underlying Hopf algebra of Hc(i3) agrees with the Hopf 
envelope of in the sense of Manin ||2^. The Hopf closure has the following 
universal mapping property. 

Theorem 4.1. Let f) he a CCQTV-face algebra and R a CQT Hopf V-face algebra. 
Let f : S) ^ ^ be a map of CQT V-face algebras. Then there exists a unique map 
f: Hc(i3) R of CQT V-face algebras such that f = f o l, where t: — > Hc(^) is 
given by t(a) = a(8)el + -3 (a G ^)). Explicitly, we have 

f{aa{b)) = f{a)S{f{b)). (4.22) 



Proposition 4.2. Let be a CQT V-face algebra {resp. CQT Hopf V-face al gebra ) 
and U its finite- dimensional comodule. Let (S,ix) be a face model given by ( 3.23| ). 



Then there exists a unique map f : 2l(lt)u) f) {resp. f : Hc(2l(tt)u)) ^)) of 
CQT V-face algebras such that (idag t) ° ps) — P2i(rou) [resp. (idxg <8) f ) o p^j = 

PHc(a(rou)))- 

Proof. See jl^ for a proof of the assertion for 2l(tTiu). The assertion for Hc(2l(tnsx)) 
follows from that of 2l(tTiu) and the universal mapping property of He. □ 



Proposition 4.3. For each CQT Hopf V-face algebra Sj, we have: 

S*{Ut')=Ur, S*{Ut')^Uf\ (4.23) 

U^XU-^ = {X) {X (,9)*,v = \,2). (4.24) 
In particular, S is bijective andUiU2^ is a central element of Sj* . 

Proof (of. Drinfeld @). The relation (^!23|) follows from (U), and (U). 

Substituting J^ic) ^(2) ® 'S'(c(i)) into 7^+m*(X) = {m°P)* {X)n+ , we obtain 

X]^°o(J(6))Jo)'5(J(oo)) ^^S{C(^2))c(3)Q^{c^i),C(^l)) 
(c) (c) 

(c) kev 

=E^-(iiiJ)iii' 

fcev 



where the second equality follows from (2.8) and the third equality follows from 
(2.21) and ( |2.11[ ). Using this relation, we compute 

E 52(c(i))Zi^(J (e)) - E E "-(1 l|J (oo)) 

(c) (c) keV 

= E^°°(J 0)^J (A)'5(5(J (oo))J (e)) 

=EE"-(J(-)iii)J(dii 

(c) keV 

= E^°o(J(oo))J(G)) 
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where the first equaUty fohows from (2.9) and (2.15) and the last equahty follows 
from dll) and Substituting this into X e f)*, we get {{S'^)* {X)Uoc){\) = 

{UooX){\), which proves ( |4.24| ) for 1. □ 

5. Group-like functionals 

Let g be an element of a V-face algebra S). We say that g is group-like if 

Mg) = ^9ek'» get, (5.1) 
fcev 

gCiCj = hejg, e{g°eiej) = Sij (5.2) 

for each i, j G V. We say that a linear functional on is group-like if it is group- 
like as an element of the dual face algebra Explicitly, G is group-like if and only 
if it satisfies 

5(a6) = ^g(aefc)g(efc6), (5.3) 

kev 

Q{eiaej) = Q{eiaej), (5.4) 

GieiCj) = Stj (5.5) 

for each a,b G 9j and i,j e V. We say that G is invertible if it is invertible as an 
element of the dual algebra Sj* . We denote by GLF{Sj) the set of all group-hke 
functionals of Sj, and by GLF(i5)^ the set of all invertible group-like functionals. 
Note that 

GLF(ij) = HomK-A<g(i3, K) (5.6) 

if is a bialgebra. 

Lemma 5.1. (1) The correspondence GLF(^) defines a contravariant functor 
from the category of "V-face algebras to the category of semigroups. 

(2) Let ^ be a "V-face algebra and 3 its biideal. Then the projection p: ^ ^ — ^j/J 
gives 

p* : GLF(il) = {ge GLF(i5) | 0(3) = o}. (5.7) 

(3) If 9) has an antipode, then GLF(jo) = GLF(jo)^ and 

s*{g) = g-\ (5.8) 

for each G G GLF{9j). 

Proof. The proof of Part (1) is straightforward. Taking the dual of ^ 3 ^ f) ^ 
.ft ^ 0, we obtain 

p*:^*^{XeS}*\X{3)^o}. (5.9) 

It is straightforward to verify that M G GLF(J^) if and only if p*{M) e GLF(^) 
for each Al e This proves Part (2). See jll] Proposition 7.1 for a proof of Part 
(3). □ 

Lemma 5.2. Let be a GQT "V-face algebra. 

(1) For each group-like functional Q on S^, we have 

{g (g)g)TZ^ ^n^{g (g)g). (5.10) 

Hence, for each f)-comodules U and V , we have 

{^v{g)®Tru{Q))\uv = \uv{m{Q)®MQ))- (5.11) 

(2) If is closable, then 

UooUe e GLF(i5). (5.12) 
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Proof. Since 7^+ = (m°P)*(l)7^+, we have {G ^ g)n+ = (m°P)*(g)7^+. Hence the 
first assertion of Part (1) foUows from ( 2.16| ). The second assertion follows from the 
first assertion. Part (2) follows from (EjTand (O)-(pl0|). □ 



Let S)hea. V-face algebra and Q its group- like functional. We define coad(C/) : 

by 

coad(a)(H) = ^"°°H(oo))H(e)t^(Ho)) H e S)). (5.13) 

(H) 

Using (U)-(|^ and (^lo| ), we see that coad(fj) is an automorphism of fi. 

Proposition 5.3. For io = S){^) or 2t(w), the map ^* End(Kg); X ^ ttks {X) 
gives the following semigroup isomorphisms: 

GLF(i5(g))^End,(e)(Kg), 



GLF(a(w)) = {G e End,(e)(Kg) | (g®g) = (g®s)}, 

where € = Cj^o is as in Sect. 2. 



(5.14) 
(5.15) 



tional G ~ Gg on by setting 



Proof. For each element G of the right-hand side of (j.l4), we define a linear func- 



^ 



= -5)1, ^(1 



= CPi . . . CP" 



(5.16) 



for each paths p = (pi, . . . , Pm) and q — (qi, . . . , q^) of length m > and i,j G V. 
It is straightforward to verify that is a group-like functional of Hence TTKg 

gives a surjection GLF(^(g)) ^ End^(£)(Kg). Conversely, for G e GhF{Sj{9)), set 
G = TTRtj (g). Then by (5JV(5^), w e hav e ( 5.1€ ). Thus we get the isomorphism 
(5.14). Next we show (5. IE). By (5.11), ttks defines a well-defined map from 
GLF(2t(w)) to the right-hand side of ( ^.ISj ). Hence it suffices to construct the 
inverse of this map. Let G be an element of the right-hand side of (5.15) and let 
G^ e GLF(^)(g)) be as above. By (|5Tl| ), we have 




r • s 



(5.17) 



for each (p, q), (a, b) e S^- By (5_^), this shows that Gg vanishes on the biideal 
Ker(^(g) 2l()) and that it induces an element of GLF(2l(w)). This completes 



the proof of (5.15) 



□ 



Proposition 5.4. For each CCQT V-face algebra, the canonical map t: f) — + Hc(io) 
induces the isomorphism 



i*: GLF(Hc(f))) ^ GLF''(io), 
whose inverse G '-^ Guc is given by 

eHc(Hc7(L))-5]a(Hl||)t;-°°(Llii). 



(5.18) 



(5.19) 



llev 



Proof. By Lemma 5T (1), it suffices to show that ( 5.19| ) gives the inverse of the 
correspondence l*. It is easy to verify that there exists a linear functional ^ G ^* 
which sends a(^ecr{b) to the right-hand side of ( ^.19| ) and that G satisfies (5.4) and 
(|^. Using (U) for we obtain 



G{ia(^el)x{l(^ea{d))) ^ ^ g(H]))(?(]^§]|)g— (H,) (H, [ G ij, y G .^). 

^,iev (5.20) 
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By replacing x with (l(g)(ecr(6))(c®gcr(l)), we obtain 

^((a®ea(&))(c0£a(d))) - ^ ^Hl ))^((^®sa(Ll )))(J1 |0£aM))g-°°(n |). 

j.isv (5.21) 



On the other hand, using dsl ), (|no| ) and ( |2^ ), we obtain 



^((l®ea(6))(c®ea(l))) - J] J] 7^-(6(l)efe, C(3)efc)Q+(6(3), C(i))t/ — (L(e))t/(J (e)) 

feGV (f,),(c) 

= ^ ((l®a)7^-(g-°°®(^), L(oo)®J(e))Q+(L(e)J(oo)). (5.22) 
By ( ^.1C| ), the right-hand side of the above equahty is 

E ^"°°(L(oo))7^-(L(e)J(e))Q+(L(^),J(oo))e(J(^)) = ^ II LMl II J )• 

(6),(c) llfEV (5.23) 

Hence the right-hand side of (5.21) is 

J2 5Hi))5"°°(iiMi))^^(iiiJii)e'°°(ni) = E^(H®«^(L))iii)^(iii(j®£^(r)))- 

i,j,kev ||ev (5.24) 



Thus Q is a group- hke functional of Sj. Using (5^) for Q, we compute 



(a) 



EE^"°°(l^^(oo)l|l)Ml$^(d||l:) = E'5)l'5|lI^"°°(^(oo)l|mdI) 

meV (a) (H) 



E e(aeTO)e™ e^ei 



SijSkiSjie{aei) = ^ 6^6^ E e(aem)e™ e^ei (5.25) 



f or e ach i,j,k,l e V and a e i], where t he s econd equality follows from (5.4) and 
(2.9) and the third equality follows from ( ^.ll| ). By repeating similar calculation, we 



see that Q induces a group-like functional Ghc on Hc(i5). Now it is straightforward 
to verify that Q i-^ Qnc gives the inverse of t* . □ 



Combining Proposition |5.3| and Proposition 5.4, we obtain the group isomorphism 
{G e Aut,(c)(]Kg) I (9^3) = (S^S) } ^ GLF(Hc(2l(w))) 

(5.26) 

for each star-triangular face model (S, ). 

6. A CLASSIFICATION THEORY OF RIBBON FUNCTIONALS 
Lemma 6.1. For a coribbon HopfV-face algebra we have 

V±°°(1^H1|)^V±°°(1)H1|), V±°°(l^l|) = <5)|, (6.1) 
V^=Uooll^°°, (6.2) 
TO*(V-°°) = (V ® V)-°°7^+^7^+. (6.3) 
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Proof. The first equahty of (6.1) foilows from the fact that V commutes with the 
face idempotents of Using ( |2'!26 ) and ( 2.23| ), we obtain 



i.feev (a) 



(6.4) 



= E^nii)"^(iii^) 

keV 

= (E^(iii)iii"^'^)' 

fcev 

which imphes X]/c "'^(l || )1 1| ~ Since {e^} is hnearly independent by the second 
equahty of (|2.4[), this proves V(]||) — cxd, or the second equahty of (6.1). By a 



similar discussion to page 351, we obtain nM{V^) = 'i^M(l^ool^e°°) ^o^' every 
io-comodule M. Hence (^|^) follows from the fundamental theorem of coalgebras 
(cf. H page 46). Using the fact that is the (m*(l), (TO°P)*(l))-generalized 
inverse of TZ^ , we obtain 

7^"7^2"l7^JL7^+ = m*(i) = 7^+ 7^+7^-7^^l. (6.5) 

Hence the right-hand side of ( |6.3| ) is the inverse of m*(V) in the algebra m*(l)(io'*^)* 
m*(l). This proves (O). 



□ 



Proposition 6.2. Let ^ he a CQT HopfV-face algebra andV an invertihle element 
of f)* . Then (i5, V) is a coribbon Hopf V-face algebra if and only if M = Uoo^~°° 
is group-like and satisfies the following relations: 

MXM-^ = {S^y{X) {XeS)*), (6.6) 



(6.7) 



Proof. To b egin with, we note that the equivalence of V G Z(^*) and (3.6) fol low s 
from ([4.24[ ), and that that of ( ^.26[ ) and (U) for g ^ M follows from (|4.9|), (U) 
and (3.5). Sup pose V is a ribbon functional. Then the relation (6.7) follows from 
(U) and (U), while the firs t (re sp. second) relation of (|5.2| ) for g — M follows 
from ( 4.24 ) and ( |2.15| ) (resp. (4.7) and the second relation of (6.1)). Con versely, if 
M. satisfies the above conditions, ( 2.27 ) follows from (|S.2|), (4.8) and (5^). □ 



For a coribbon Hopf V-face algebra (^,V), we call M — UooV~°° the modified 
ribbon functional on corresponding to V. For each CQT Hopf V-face algebra Sj, 
we denote by Rib(io) the set of all ribbon functionals on and by MRib(i5) the set 
of all modified ribbon functionals on Sj. 

Proposition 6.3. Let (i^,7^^) be a CQT Hopf V-face algebra. (1) We have 

MRib((j^,7^JJ) = MRib((i3,7^±)). (6.8) 



(2) Let (7 e r) and x be as in Proposition 2.1. Then we have 



MRib((^3,7^J)) = MRib((^),7^=^)). 



(6.9) 



Proof. Let , Ul^ and U-^^^ {i = 1, 2) be the Drinfeld functionals of (i], T?."*"), (ij, T^J^) 
and (i3,7?.J) respectively. Then we have U'^ =U^,U'^ = Uoo and 



(6.10) 

Hence the assertions follows from the definition of the modified ribbon functional 



and (^). 



□ 
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Theorem 6.4. For each closable star-triangular face model (S, ), the map TTKg gives 
the following bijection: 

Rib(Hc(2l(w))) = {V e AutHc(a(w))(Kg) I V = nKsiUooU"^)}. 



Equivalently, ttks gives 
MRib(Hc(2l(w))) ^ {M I Mttks {U^Y 



(6.11) 



e AutHc(a(w))(lKS), M = ttks (Z^oo^e)}- 

(6.12) 



Proof. Let M be an element of the right-hand side of ( 6.12| ). By (4.6), ir^^^iply)® 
Ti'KS (^ly) commutes with w for each v = 1,2. Hence M belongs to the right-hand side 
<i>(A^), where $ is as in ([3.26|). Since ttrs {M^^ 



of ( p.l5| ). Set = <i>(A^), where $ is as in ( p.26|). Sin ce ttrs (A^^) = ttks {lAooUe), 
we have = WooZ^e by Lemma ^ (3). By ( |4.24| ), we have coad(A^)(] (p)) = 
5~^(e(q)), for each p, q G S. Since coad(7W) is an automorphism and e(q), 5'(e(q)) 
(PiQ G S) and e(p (i, j G V) generate Hc(2t(w)), this shows that coad(Al) — S~^. 
Thus is a modified ribbon fu nctio nal of Hc(2l(w)). Conversely, it is clear that 
TTKg maps the left-hand side of ( 6.12 ) into the right-hand side of ( 6.12 ). Thus we 
get the theorem. □ 



Theorem 6.5 ( [P9| ). For each closable star-triangular face model (S,) < 
gebraically closed field K o/chK 7^ J^, Hc(2t(w)) has a ribbon functional. 



al- 



Proof. I t suffi ces to construct a linear operator V which belongs to the right-hand 
side of ( 3.11 ). Let A be the operator TTKg (Z/^ooZig °°) and A = 5 -I- its Jordan 
decomposition, that is, S* is a diagonalizable operator and is a nilpotent operator 
such that SN — NS. Let Ai (1 < « < fc) be (mutually distinct) eigenvalues of S and 
Pi the projection corresponding to Ai. It is known that Pi = fi{A) and A^ — g{A) 
for some polynomials fi,g ^ K[X]. Let y/Xi be a square root of Aj and define a 
operator VhyV^J^t VXPthiS'^^N), where h e K[X] is defined by 



h{X) = 1 + y (-l)«2-2"-i^ 

n + l\ n J 



ji=0 



(6.13) 



Then, we have V'^ = A. Since Uoc^^e°° ^ central element of IIc(2l(w))* and V 
is a polynomial of A, we have V e AutHc(a(w)) (KS). By the theorem above, this 
proves the existence of a ribbon functional on IIc(2l(w)). □ 

Let (S,) be a closable star-triangular face model. We say that (S, ) is (absolutely) 
irreducible if KS is (absolutel y) ir reducible as an Hc(i3)-comodule. As an immediate 
consequence of the Theorem |6.4| and Schur's Lemma, we have the following. 

Theorem 6.6. Let (S, ) be an irreducible closable star-triangular face model over 
an algebraically closed field. Then we have jJRib(IIc(2l(w))) = 2 if chK ^ and 
ttRib(Hc(2l(w))) = 1 i/chIK = J^. 



Theorem 6.7. Let (S, ) be an absolutely irreducible closable star-triangular face 
model. SupposeM e GL(Kg) satisfies J^rs M?e{l){M-% = S^{e{P)) anrf Tr(M) = 
Tr(M^"'^) 7^ 0. Then we have 



MRib(Hc(2t(w))) = {$(±M)}. 



(6.14) 



Proof. By Schur's lemma, we have n{Ui,) — c^M for some nonzero constant 
(i^ = 1,2). Since Tr7r(Z.^o 



Tr7r(Wg °°) by (4.4) and (4.5), we obtain ciTr(M) 



"^Tr(M-i). Therefore M belongs to the right-hand side of (|6.12|) . 



□ 
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Proposition 6.8. Let (S,) be a closable star-triangular face model and let R = 
Hc(2l(w))/Df be a quotient CQT Hopf V-face algebra of :~ Hc(2l(w)) such that 
IKS is absolutely irreducible as a ^-comodule. Then the projection p: Sj ~* R gives 
the isomorphism 

p* : MRib(i^) ={Me MRib(Hc(2t(w))) | Mp) = o}. (6.15) 



Proof. We prove the assertion by using Lemma 5.1 (2). Let be a group-like func- 
tional on A. It suffices to verify that coad(A^) = S^^ if and only if coad(p*(Al)) = 
S~'^. Since coad(A^)( (H)) = p(coad(p*(Al))(H)) for each a e ^, the "if'-part is 

V 

obvious. Suppose coad(7Vl) = 5*"^ and set M :— tt^s (M). Since tt^^ {p*{M)) = M, 
we have $(M) — p*{M). On the other hand, using ( |4.1l| ) and Schur's Lemma, we 
see that AItt^^{Uoc)^°° is a scalar multiple of the identity operator. Hence M 



belongs to the right-hand side of ( 6.12 ). By Theorem |6.4| , this proves the proposi- 



tion. □ 

Let Sjhe a. CQT Hopf V-face algebra. We say that Sj is monogenerated if there exists 
an absolutely irreducible f)-comodule U such that ^ is generated by e^ej (i, j S V), 
the image C of the corepresentation End(U)* and S{C), as an algebra. 

Lemma 6.9. Let be a CQT Hopf V-face algebra over K and F a field extension 
of IK. Then (g) F naturally becomes a CQT Hopf V-face algebra over F and there 
exists an injection Kih{Sj) Kih{Sj (X) F); V i— > Vf given by Vf(H (S" oow) = V(H). 

Proof. This is straightforward. □ 



Proposition 6.10. For each monogenerated CQT Hopf V-face algebra io, we have 
imh{Sj) <zif chK ^ and ttRib(i3) < i «/ chK = )^ 



Proof. Let (S,u) and / : Hc(2l(lTiu)) ^ i3 be as in Proposition 4.2. Since ^) is 



monogenerated, / is surjective for a suitable absolu tely i rreducible com odule U 



Now the assertion is an immediate consequence of ( 3.15 ), Theorem p.q and the 



lemma above. □ 

Remark. (1) To construct a link invariant via a lattice model (S,), it is usual to 
assume that (S, ) is "enhanced" in the sense of Q (cf. |jl[, Q, [^). Theorem 6.5 



says that the assumption is superfluous provided that (S, ) is closable. For vertex 
models, this was first proved by Reshetikhin p9|. 



(2) Combining Theorem 6^ with the categorical framework of the link invariant 
pTj , we obtain an invariant of framed links colored by comodules of Hc(2l(w)), for 
each closable star-triangular face model (S, ). Choosing the Hc(2t(w))-comodule KS 
as a color, we obtain an invariant Lw{L) of framed links L which agrees with the 
known one. However, if (S,) is constructed from a (four-weight) spin model {Wi) 
([@j [§)i Iw{L) does not agree with the known invariant Z(yYi){L). In fact we have 
L.ui{L) = Z(^y.)(L)ZJ*^y.^(i), where Z'^-^,^{L) is the "dual invariant" of Z(w.){L). 

7. Quantized classical groups 

Let Xi be one of the Dynkin diagram of type Ai, Bi, Ci or Di, where Z > 1 if 
X = A and I > 2 if X = B,C oi D. We define integers N and z/ by 



N= i 



l + l {X = A) (O {X = A) 

21 + 1 (X = B) iy^< 1 {X = B,D) (7.1) 

21 {X^C,D), ll {X^C). 
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For X — B,C, D and 1 < i < A^, we set i' = + 1 — i and i — i ~ (Jivj2, where 
'l (1 <z < (iV + l)/2) 

« (^ = (^ + l)/2) ^ ((iV + l)/2<.<^). 



1 (1 < « < l)/2) 

\-v ((iV + l)/2 < i < TV). .7 0^ 
-1 ((Ar + 1)/2 < i < iV), ;/ - - ; (7.2) 



Also we set = 1 for AT = A. Let R — Rq{Xi) be Jimbo's solutfon of the Yang- 
Baxter equation of type AT; : 

N 

Rq{Ai) = ^ Err ® Err +^Ers® E^r - (q - g"^) ^ Err <^ Ess, 

r=l r=is r>s C^-^) 



Rq{Xi) ^ ^ (g ^i?rr <8l i?rr + g-Brr' (Xl -Br'r) + ^ Err Err + 
r; r^r' r; r—r' 

Ers®Esr + [(l~<r^) Y^i-Err^Ess+er^sq^^^ Ers-<S>Er-s) {X = C, £>), 
r,s-r^s,s' r>s ('^■4) 

where for X = A,C,D (resp. X = B), q (resp. q^^'^) denotes a non-zero number 
such that q^ ^ 1, and Ers G Mat(N, K) denote the matrix units. For X ^ B,C, D, 
we also set A — —vq~^~'^. 

For 1 < i, j < A^, we denote by tij the element eQ) of 2t(5H), or its image by 
an arbitrary bialgebra map. For each rj £ K^, we denote by TZ^ the canonical 
braiding of the FRT bialgebra 2l(77«n) or its Hopf closure Hc(2t(77^)). Since 2l(5H) 
(resp. Hc(2t(fH))) is isomorphic to ^{rjUl) (resp. Hc(2l(775H))) as a bialgebra, we 
regard {7?.+ } as a one-parameter family of braidings of 2l([H) (resp. Hc(2l([H))). 

Theorem 7.1 (Takeuchi |^). Any braidings o/2l(5H(,(X[)) are either of the form 
TZ^ or of the form (JZ^)2i, where rj G . 

Proof. For AT = yl, this theorem has been proved by M. Takeuchi Here we 

give a proof for X = B,C, D by imitating his arguments. It is well known that 
the operators g:= R and e:— (g — g^^)/fJ, + 1 give a representation of the Birman- 
Murakami-Wenzl algebra on (K^^)'^^ (cf. H, |^), where fj, = q-q-^. That is, we 
have the following formulas: 

{9^-^-'){9^ + q){g^-q-') = (^ = 1,2), (7.5) 

515251 = 525x32, 615261 = Aei, 625162 = Ae2, (7.6) 

where, as usual, we set /i = / (8) idjjN and /2 = idjjN (g) f for / e EndK((IK^)^'^)- As 
consequences of these relations, we also obtain the following formulas: 

Si = -m + A" V6j + 1, 6- = C6», (7.7) 
ei5i = 5iej = A"^ei, (7.8) 

e^ejg^ = eigj - ^ie^ej + fj.ei, g.ieje,, = gjCi - fiCjCi + fxci, (7.10) 
ei5i5i = 6jej, 5j5jei = ejCi, (7-11) 
5»6j5j - 5jei5j = Ai(6j5j + 5^6; - e^g, - gie^) + ^i^{e, - ej) (7.12) 



for (i,j) = (1,2), (2,1), where C = -(A - A^^)^"! + 1. By (|7J) and (|J), we see 
that {g, e, 1} is a linear basis of the algebra (g). 

Let i3 be a braiding of 2l($K)) and S g End((IK'^)®'^) the corresponding solution 
of the Yang-Baxter equation. Since is the commutant of the algebra (5) in 
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EndiK((K'^)®'^), B belongs to the double commutant of (g). By ||T|l page 202, this 
implies B € (g). Hence B is of the form ag + be + c for some a,b,c G K. Rewriting 
the Yang-Baxter equation for B via the formulas above, we obtain 

{fia'^b + ab'^)X + {-fio^c + ac^)Y 

+ {b^ + ^i^a^b + (A + 2^j)ab^ + X'^fia^c + (b^c + bc^ + 2\-^abc}Z = 0, (7.13) 
where 

-^ = 6152+3261-62^1-^162, y = gi-.g2, Z = 61-62. 

(7.14) 

Since X, y, Z are linearly independent, we obtain three algebraic equations for a, b 
and c. Solving these, we see that B is proportional to either g, g~^ — g — + ^, 
1 + ae or 1, where a denotes a solution of + + 1 = 0. Suppose B = rj or 
77(1 + ae) for some rj E . Then using (2.17), we obtain 

^(UooeUeoo, Uee) = 77"^, B{Ue^U^e, Uee) = '■ (7.15) 



On the other hand, substituting ^21 ti2 into (2. If), we obtain t2iii2 — ^12^21, a 
contradiction. Therefore B is proportional to either g or g^^. This completes the 
proof of the theorem. □ 

The following lemma allows us to apply our general results developed in Sect. 6 to 
the Hopf closures. 

Lemma 7.2. For each q and rj, — KS is absolutely irreducible as a comodule 
0/ Hc(2t(77^Hq(X[))). In particular, Hc(2l(?7^Hq(X[))) is monogenerated. 



Since the proof of this lemma is quite similar to that of Lemma 7.4 below, we omit 
it. Next, we determine the ribbon functionals of the Hopf closure of 2l(779^q(X|)). 
We note that the following result immediately follows from Theorem |6.7| and the 
formula (7.37) given below, except for the case gSj-Af-i-o-ii/ _ g 

Proposition 7.3. For each rj £ , Hc(2l(7yfHq(X[))) has exactly two [resp. one) 
modified ribbon Junctionals Ai± given by 

X±(U)|) = ±(5)|n^>-^-°°-'^>'^ (7.16) 

i/chK T^J^ [resp. chlK =]^). 



Proof. We will prove this result using Proposition 6.1C and Theorem 3.4. Using 
( [7.37D and ( [4.24D , we obtain 

{^{u^) (8 id) o p o ^{u^)-°°{n\) ^Y.^)® n^<>-i)-(->-^i)'' U)| 

> (7.17) 
= (M0id)opoM-i(uj), (7.18) 

where M := diag(q2'"^"i"'^"')i. This shows that M7r(Woo)"°° commutes with the 
coaction of Hc(2t(775Hq (X|))) on KS. Hence, it suffices to verify that 

^{UooUe)^M^. (7.19) 

By Schur's lemma, we have niU,^) = \ for some constant Ci, G K^. Suppose 
X — B,C or D. Using ( [7.36 ), we compute 



II —00 

Using (4.23) and ( 7.36| ), we also obtain 



00 



\ 00 



-qU. 



(7.20) 
(7.21) 
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This proves ci = 779^+"^ = or (^) for X = B,C, D. When X ^ A, ( |7l9| ) is 
proved by computing the Lyubashcnko double of Rq{Ai) exphcitly. □ 

Hereafter, we assume that 7^ —1 and that A^^ 7^ g^^, —q if X = S, C or Z?. 
By (Z.f;), this imphes 

]gN^fKer(R-q-i)©Ker(R + q) = A) 

[Ker(R - q-^) ® Ker(R + q) Ker(R - A"!) (X = B, C, 32) 

as 2l([H)-comodules. To give the definition of the quantized classical groups, we 
recall the definition of the (quantum) determinant of 2t(?t). Let f2 = f2(X;) be the 
following q-analogue of the exterior algebra: 



,T(KN)/(Ker(R-q-i)) {X = A,C) 
^ '^";T(]KN)/(Im(R + q)) {X^B,D^ '^^ 

More explicitly, we have 

n{Ai) = (ui {1 < i < N) I uf = 0, qu^Uj + UjUi = < j)) 



(7.24) 



n{Xi) = {u, {l<i<N) I = (i ^ (iV + l)/2), 

qUiUj + UjU, ^0{i<j,i^ f), ?7, (1 < i < (iV + l)/2)) 

{X = B,C,D). (7.25) 

Here for X = B, C, D a.nd 1 < i < {N + l)/2, we set 

{Ui>Ui + u^Ui, - (g - g"^) q^^^+'^UjUf {X = B, D, i < I) 

ui+,ui+i - - 9-1/2) ^i^^ qJ-iujUj, iX^B,i^l + l) 

u,,u, + q^u,u,, + iq~q-^)J2'j=,+iq'-'+^UjU,, {X^C,i<l). (7-26) 

Then fl{Xi) becomes an 2l(5Hc|(X[))-comodule algebra via Uj 1-^ ® ^ij- ^'^^ 

< r < N, ilr :— V ' ' ' —3-. is ^ (^) -dimensional subcomodule of SI. 

In particular, = K~;j^~>f . . . is one-dimensional and determines the group- like 
element det e 2l(^t) via the coaction m . . .un ui . . .un det. For X = B,C, D, 
2t(9^) has another group-like element quad which is determined by its coaction on 
the one-dimensional comodule 

Ker(R-A-i) = K^e3iP+^/^«3®«3.. (7.27) 
n 

By Q Proposition 5.4-5.5 and the universal mapping property of the Hopf closure 
and the localization construction, we have 

Hc(a(77^,(ai))) ^ a(77?l,(2lr))[det-i] =: Fun(GLq(N))^ , (7.28) 

Hc(a(7y?l,(Xt))) - a(7/$n,(Xt))[quad-i] (7.29) 
^ 21(7^91, (X,))[dct"^] (X = B,C,D). (7.30) 
The biideal (det —1) becomes a CQT biideal of ^{rjDV) if and only if 

V^-i' ^""^^^ , (7.31) 
' \l {X^B,C,D), ^ ' 

while (quad — 1) becomes a CQT biideal if and only if 77 = ±1 (cf. 0). 

Now we define the function algebra of the quantized classical groups (cf . |]3^ , j^] , 
0) to be the CQT bialgebras given by 

Fun (SLq(N))^ - 2l(r;5H,(2l,))/(det - 1) (r;^ = q), (7.32) 
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Fun(SOq(N)).,^ = 2l(ry<Kq(X[))/(det- l,quad- 1) 

(r/^ lifX = Band7y = ±lifX = D), (7.33) 



Fun (Oq(N))^ = 2l(r;$n,(Xi))/(quad - 1) (ry = ±1, X = B, D) 



(7.34) 



Fun(Spq(N))^ =2t(7y?l,(e:r))/(quad-l) (r/ = ±1). (7.35) 

See for a justification of these definitions in case K = C and q is transcendental 
over Q. For = SLq{N), SOq{N), etc., we denote by Fun(Gq) the underlying 
bialgebra of Fun(Gq),,, and by T^^a^ braiding of Fun(Gq),,. Each of these 
algebras has an antipode. For example, the antipode of the algebras given in (7.33)- 
(7.35) is given by 

S{Uj)=€^ejq'-^tjH'. (7.36) 



The square of the antipode of the algebras given in (7.28), (7.29), (7.32)-(7.35) is 
given by 

^2(i^^.) ^q2(z-j)-(^.-'^.)-i^^.. (7.37) 



Lemma 7.4. Let F be either Hc(2l([H)) or one of the algebras given in (7.32)- 
( 7.35 ). Then each of the F-comodules MJ* , Ker(R — q^^) anrf Ker(R -|- q) are abso- 
lutely irreducible. In particular, F is monogenerated. 



Proof. Since K is arbitrary, it suffices to show the irreducibility of these comodules. 
Here we give a proof for W :— Ker(Rq(Ci) -I- q). To simplify the computation, it is 
convenient to identify W with its image via the projection (K*^)®^ 57jz£. 
Following Q, we define K^,E,,F,e F* {1 < i < I) hy 

K,^n-{t,„-), (7.38) 



J, _ ) -v-\q-q-')-^n+{-,t,+^i) {i<i<i) 



' ^ m{q^-q-^)-^n-{tii+^, -) (^ = 0■ 

Then these elements belong to the dual Hopf algebra F° (cf. |Q) and satisfy 

N 

TTwAK^) = 7]- 1 ^ Sfcfc, (7.41) 

k=l 

T^K"' (Ei) ^ Eii+i - qE(^i+iy,, {i<j), 7T^»(Ei) = El i+i, (7.42) 
T^K"^ (Fi) ^ Ei+i. I - q^^Ei, (i+iy {i<j), TTji^NiFi) ^ Ei+ii, 

(7.43) 

A{K,) ^K,® K,, (7.44) 
A{Ei) ^E,(g) Kr^ + (g) E„ A{F,) =F,(g) K,+i F„ 

(7.45) 



where is given by ( |7.38D . 

As a (i4ri)-module, W is the direct sum of the mutually non-isomorphic, non- 
trivial comodules K~3~:i (j ^ i, i') and the trivial comodule T = 0-Ii K(ii~3~3' — 
^'2+r'^{'^+]if)')- Hence any non-zero subcomodule M of contains a vector v ^ 



20 



TAKAHIRO HAYASHI 



which belongs to one of these (iiTi)- modules. By verifying T n Ker7r(Ei)) 
= 0, we see that uiU2 € IKE^j^ •••£3-,^ for some ii, . . . ,ik- Also, by verifying 
T = X]i=i ^— we see that U1U2 generates W as an (Fi)-module. 

Thus, W is irreducible as a (iiTi, F^)- module, and also, it is irreducible as an 
F-comodule. □ 



Theorem 7.5. (1) Any braidings 0/ Hc(2t($Hti(3£i))) '^'^^ either of the form TZ^ or 
of the form (TZ^)2i, where rj G K^. 

(2) Let Gq be either SLq{N), SOq{N), Oq{N) or Spq{N). Then, any braiding of 
Fun(Gq) is either of the form Ti-^ q or of the form {Ti-^ q )21, where rj is as in 



Proof. Let i? be a solution of the Yang-Baxter equation, which corresponds to a 
braiding of one of the above algebras F. By Lemma 7.4, EndF((]K'*^)'^*^) is spanned 
by two or three projections onto eigenspaces of R, according to X ^ A or X = 
B, C, D. By linear algebra, these projections are polynomials of R. Therefore, we 
have EndF((K^)®^) = (R)- Hence, by the discussions in the proof of Theorem [z!!] , 
we see that B is proportional to either R or R~^. Thus this theorem follows from 
the result of IItI stated above. □ 



Let F be one of the Hopf algebras given in (|73^-(|735|). We define the cyclic group 
r = r^^- as follows: 



Z/NZ {Gq = SLq{N)) 
T = <! Z/J^Z (Gq = OqiN), SOq{2l), Spq{N)) 
{1} {Gq^ SOq{2l+l)). 



(7.46) 



For F = 2l(5n) and Hc(2l(^)), we also set Tp = Z. Since det G and 
quad £ 2t2(^), the grading 2l(^) — 0„2tn(5H) naturally induces a F-grading of 
F satisfying the properties stated in Proposition |2.l| (2). Now we can restate our 
classification theorems for braidings as follows. 



Corollary 7.6. Let F be one of the bialgebras treated in Theorem 7.1 and Theorem 



l.L and let F be the cyclic group defined as above. Then, any braiding of F is 
either of the form TZ^ or of the form (7?.~)2i, where x as in Proposition 2.1. 



Ln particular, MRib(F) does not depend on the choice of the braiding of F {cf. 
Proposition \6. . 

Next, we give the classification theorem of the ribbon functionals for the algebras 



given in ([^)-(|7^). 

Lemma 7.7. Let A4± be as in ( [7.16| ). Then we have 

A^±(det) = (±1)^, A^±(quad) ^ 1. 

Proof. We calculate 
7W±(det)ui---UN = 7ro,.,(7W±)(noo---n^) = {M±no^) ■ ■ ■ {M±n^f) 

= H (±52.-^-1-...^ u,---UN^ i±lfu, ■■■UN. 

i 

The proof of the second formula is similar. 



(7.47) 

(7.48) 
□ 



In view of the universal mapping property of the Hopf closure, we see that we may 



replace 2l(?79l) in (7.32)-(7.35) with Hc(2t(?7fH)). Hence, as an immediate conse- 



quence of Proposition 6.8 and the lemma above, we obtain the following. 
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Theorem 7.8. (1) Let Gq be either SLq{N), SOg{N) or Spq{N), and let p 
Hc(2t(77fHq(X|))) Fun(Gq),, denote the projection. Then we have 

} {N e 2Z) 



MRib (Fun(Gq),,) = 

where rj is as in (7.32)-( 7.35| ). 

(2) We have 



{M+o^,M- 
{M+ o ^} 



{N el + 2Z) 



(7.49) 



(7.50) 



MRib [Fun (Oq(N))^ J = {M+ o V, X_ o V}, 
where r: Hc(2t(±?lq(X[))) — > Fun (Oq(N))_|_-|^ denotes the projection. 

8. SOS ALGEBRAS 

Let N > 2 and i > 2 be integers. Let C be an C-abelian semisimple rigid 
monoidal category whose simple objects L\ are indexed by the foUowing set of 
partitions: 

V^V^t :={A = (A,... ,Aj^)eZN |L>A^>--->An-F}. (8.1) 

We say that C is an SU{N)l- category if the structure constants of its Grothendiek 
ring agree with the fusion rules N'^^ of S'C/ (iV)i,- WZW models. The SU{N)l- 
categories play crucial roles to construct S't/(A^)i-topological quantum field the- 
ories, or corresponding invariants of 3-manifolds (cf. |3^). It is known that two 
S'?7(iV)i-categories are equivalent to each other up to a "twist" of the associativity 
constraint (cf. Kazhdan-Wenzl ||2^). 

In we have constructed a coribbon Hopf V3V£,-face algebra 6 — 6(2t(n-i; t)e 
such that Com@ is an SU (N) ^-category. In this section, we determine the braiding 
and the ribbon structure of Comg or equivalently, those of 6 (cf. Proposition 3.1). 

To begin with, we recall the definition of SU{N)l-SOS model. For each 1 < i < 
N, we set i = {6u, ... , SN^) € Z^*. For m > 0, we define the subset S" of V'"+i by 

g™ = V"+in{p-(A|ii,... ,i^) I Ae V, < , <3^}, (8.2) 

where for A G Z^ and I < ii, . . . , im < N , we set 



(A In,. 



J = (A, A + ii, . . . ,X + ii-\ h irn), 



(8.3) 



and we identify (Ai + 1, • • • , Ajv + 1) e Z^ with A G V. Then (V, S) defines an 
oriented graph 9 = and S™ is identified with the set of paths of S of length 

TO. For p = (A I i, j), we set pt = (A | j, i) and d{p) — Ai — Aj + j — i. We define 
subsets g^H, g2[ I ] and S^[\] of 9^ by 

S'H = {peS' |P^-P}, S'[i]-{peS" Ip^^S}, (8.4) 
S'[\] = {peS" IPy^P^eS}. (8.5) 

Let t e C be a primitive 2(N + L)-th root of 1. Let e be either 1 or —1 and ( a 
nonzero parameter. We define a star-triangular face model (S, j^,^e) — (S]\f,x:,, ]\f,,c,c) 
by setting 



WN.t., 



WN,t,. 



A 

X + l 



A + j 
X + i+j 



A X + i 

X+j X+1+ I 



M(P)]' 
d(p) - 1] 



WN,t., 



X X + k 
X + k X + 2k 



[d(p)] 



(8.6) 
(8.7) 
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for each p = (A|iJ) e g[\] U and (A|fc,/c) G SH, where [n] = (r - 

- i-i) for each n € Z. We caU (g,H„e) SU{N)l-SOS model (without 
spectral parameter) Now the SU{N)l-SOS algebra 6(yljv-i;0e is defined as 
the following quotient of the FRT construction 2l(it;jv.i,e): 

6iAN^i;t), :=2l(w^v,t,e)/(det-l), (8.9) 
where the group-like element det = J2\ ^ev '^•^^ (^) °f 2l(?i;jv,t,e) is defined by 

Here q denotes an arbitrary element of S^^, and iL : S ^ Z>>/ and D{X) E C are 
given by 

L{X\,... ,)=Card{(k,l)|l<k<l<N,ik<ii}, (8.11) 

The canonical braiding of 2l(fDrn.i.e.(;) induces the braiding 7?.^ of &{Aif_i;t)^ if 
and only if ^ satisfies = e^~^t. The face algebra 6(Ajv-i;i)e ti^-s an antipode 
whose square is given by 



,q// D(.(p))D(c(q)) 

The 6-comodule Kg is irreducible, while the 6-comodule KS has the irreducible 
decomposition: 

Kg = Ker(wN,t,.,c ~ C't) ® Ker(wN^t,e,c + C^^'^)- (8-14) 
The proof of the following result is quite similar to that of Theorem 7.5 and Takeuchi 
Lemma 2.4, hence we omit it. 

Theorem 8.1. Any braiding of &{AN-i',t)e is either of the form TZ'^ or of the 
form (7?.|7)2i, where ( denotes a solution of = e^~^t. 

Similarly to Corollary 7.6, we can rewrite the result above in terms of the Z/NZ- 
grading of &{AN^i;t)^ induced by 2t(rom,t,e) = 0„ 2ln(tt3m,t,e)- 

Theorem 8.2. When N is odd, 6(Ajv-i;i)e has exactly one ribbon functional. 
The corresponding modified ribbon functional is given by 

When N is even, 6(Ajv-i;i)£ has exactly two ribbon functionals. The corresponding 
modified ribbon functionals M± are given by ( 8.15 ) and 

A<-,l(^))=W-ir§gg| (P,qeg,>). (8.16) 



Proof By Theorem |6J|, we have MRib(Hc(2t(wN,t,e))) {$(±Af)}, where M e 
GL(IKg) is given by Mp = D(r(p))D(s(p))-ip (p € g). Since 



= (±l)"Mp 



D(s(pi)); V D(s(p™)) 



P'>D(s(p)) 

for each p = (pi . . . p^), q = (qi, . . . qm) e g, we have 



($(±M), det -1) = Card(V)((±)-^ - ). (8.17) 
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By Proposition |6.8|, this proves the assertion. □ 
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